Planar gluon amplitudes in N = 4 SYM are remarkably similar to expectation values of Wilson loops made of light-like segments. We argue that the latter can be determined by making use of the conformal symmetry of the gauge theory, broken by cusp anomalies. We derive the corresponding anomalous conformal Ward identities valid to all loops and show that they uniquely fix the form of the finite part of a Wilson loop with n cusps (up to an additive constant) for n = 4 and 5 and reduce the freedom in it to a function of conformal invariants for n ≥ 6. We also present an explicit two-loop calculation for n = 5. The result confirms the form predicted by the Ward identities and matches the finite part of the two-loop five-gluon planar MHV amplitude, up to a constant. This constitutes another non-trivial test of the Wilson loop/gluon amplitude duality.
Introduction
The recent surge of interest in gluon scattering amplitudes in N = 4 SYM theory has been motivated by two findings. The four-gluon color-ordered planar amplitudes reveal an intriguing iterative structure at weak coupling -the Bern-Dixon-Smirnov (BDS) conjecture [1] , which predicts the finite part of the amplitude in terms of the cusp anomalous dimensions [2, 3] and two other functions of the coupling [4] . Quite remarkably, the same structure also emerged at strong coupling within the Alday-Maldacena proposal [5] for a string description of the gluon scattering amplitude in the AdS/CFT correspondence [6] . Their string construction makes contact with a Wilson loop on a specific contour with cusps and like-like edges determined by the gluon momenta. Such light-like Wilson loops have already been studied in [7, 8] .
Inspired by these recent developments, in [9] three of us conjectured that a new type of duality between gluon amplitudes and Wilson loops may also exist at weak coupling in N = 4 SYM theory with the gauge group SU(N). More precisely, the conjectured duality relates the following two objects. The first one, M 4 , is the color-ordered partial planar four-gluon amplitude divided by its tree-level expression. The second one is the planar limit of the expectation value of the Wilson loop
where the integration contour C 4 consists of four light-like segments [x i , x i+1 ] in a dual Minkowski space-time with coordinates x µ i related to the on-shell gluon momenta,
Both objects have, respectively, infrared and ultraviolet divergences, ln M 4 = ln Z 4 + ln + O(ǫ UV ), where Z contains up to second-order poles in the infrared and ultraviolet dimensional regulators ǫ IR and ǫ UV , respectively, and F denotes the finite part as the regulator is taken to zero. While the relation between the divergent parts of light-like Wilson loops and gluon amplitudes is well known [3] , the non-trivial content of the duality conjectured in [9] is the matching of the finite parts of the two objects, ln F 4 = ln F (WL) 4 + const .
In (3) the kinematic variables describing the scattering amplitude are identified with the distances appearing in the Wilson loop according to (2) . This is the weak coupling version of the strong coupling duality demonstrated by Alday and Maldacena. At weak coupling, we have shown by an explicit one-loop [9] and then two-loop calculation [10] that the relation (3) reproduces the known expression for the four-gluon amplitude [11, 4] . The BDS conjecture [1] not only applies to four-gluon amplitudes but also to n−gluon maximal helicity violating (MHV) planar amplitudes. So far the conjecture has been confirmed for n = 4 up to three loops in [1] , while for n > 4 it has been tested only for n = 5 and at two loops in [12] . The Alday-Maldacena proposal [5, 13] also works for an arbitrary number of gluons (for generalization to other processes see Refs. [14, 15, 16] ), although the practical evaluation of the corresponding solution of the classical string equations is difficult even for n = 5 (for a recent discussion see Refs. [17, 18, 19, 20, 21, 22, 23] ). However, Alday and Maldacena [13] proposed a way to do this for very large n, which gives a disagreement with the BDS conjecture at strong coupling. It is straightforward to generalize the weak-coupling duality relation (3) to MHV amplitudes with an arbitrary number n ≥ 5 of external legs on the one hand, and the expectation value of a Wilson loop evaluated along a polygonal contour consisting of n light-like segments, on the other hand. This duality has been tested for arbitrary n at one loop in [24] .
In [10] we argued that we can profit from the (broken) conformal symmetry of the lightlike Wilson loop to make all-loop predictions about the form of the amplitude.
2 Due to the presence of a cusp anomaly in the Wilson loop, conformal invariance manifests itself in the form of anomalous Ward identities. We proposed a very simple anomalous conformal Ward identity for the finite part of the amplitude and conjectured it to be valid to all orders in the coupling. This identity uniquely fixes the form of the finite part (up to an additive constant) of the Wilson loop dual to the four-and five-gluon amplitudes, and gives partial restrictions on the functional dependence on the kinematic variables for n ≥ 6. Quite remarkably, the BDS ansatz [1] for the n−gluon MHV amplitudes satisfies the conformal Ward identity for arbitrary n [10] .
If the duality relation (3) holds for any n and to all loops, the conformal symmetry properties of the light-like Wilson loops impose strong constraints on the finite part of the gluon amplitudes in N = 4 SYM. This may provide the natural explanation of the BDS conjecture for n = 4 and n = 5, but cannot validate it for n ≥ 6. One might also try to find a direct conformal symmetry argument on the MHV amplitude side. The encouraging fact is that the n = 4 gluon amplitudes have been shown to possess a peculiar 'hidden' or 'dual' conformal symmetry [25] (different from the conformal symmetry of the underlying N = 4 theory) up to four loops [26] (and even at five loops [27] ). It is natural to conjecture that the controlled breaking of this symmetry in the on-shell divergent amplitude will lead to the same type of Ward identities.
In this paper we present a derivation of the all-order anomalous conformal Ward identities conjectured in [10] . In addition, we perform an explicit two-loop calculation of the Wilson loop made out of five light-like segments (pentagon). We show that the two-loop expression for the pentagon Wilson loop indeed satisfies the conformal Ward identities. Most importantly, it coincides with the known expression [12] for the two-loop correction to the five-gluon planar scattering amplitude, thus providing additional support for the gluon amplitude/Wilson loop correspondence (3) .
The presentation is organized as follows. In Section 2 we review some properties of light-like Wilson loops which will be important in deriving the conformal Ward identities in section 3. Then, in section 4, we present a two-loop calculation of the pentagon Wilson loop as an explicit check of our Ward identities.
General features of light-like Wilson loops 2.1 Definitions
The central object of our consideration is the light-like Wilson loop defined in N = 4 SYM theory with SU(N) gauge group as
where A µ (x) = A a µ (x)t a is a gauge field, t a are the SU(N) generators in the fundamental representation normalized as tr(t a t b ) = 1 2 δ ab and P indicates the ordering of the SU(N) indices along the integration contour C n . This contour is made out of n light-like segments C n = n i=1 ℓ i joining the cusp points x µ i (with i = 1, 2, . . . , n)
such that the vectors
are identified with the external on-shell momenta of the n-gluon scattering amplitude. Thinking about W (C n ) as a function of the cusp points we observe that it has the following symmetry
where the first relation is a consequence the cyclic property of the trace on the right-hand side of (4), while the second relation follows from reality condition (W (C n )) * = W (C n ).
Cusp singularities
A distinctive feature of the contour C n is the presence of n cusps located at the points x µ i . This causes specific ultraviolet divergences (UV) to appear in the Wilson loop [2] . The fact that the cusp edges are light-like makes them even more severe [7] . In order to get some insight into the structure of these divergences we start by giving a one-loop example. Later on in this subsection we give arguments which lead to the all-order form of the divergences.
One-loop example
Let us first discuss the origin of the cusp singularities in the polygonal Wilson loop W (C n ) to the lowest order in the coupling constant. According to definition (4), it is given by a double contour integral,
Here C F = (N 2 − 1)/(2N) is the quadratic Casimir of SU(N) in the fundamental representation and G µν (x − y) is the gluon propagator in the coordinate representation
x i
Figure 1: The Feynman diagram contributing to the one-loop divergence at the cusp point x i . The double line depicts the integration contour C n , the wiggly line the gluon propagator.
To regularize the ultraviolet divergences of the integrals entering (8), we shall employ dimensional regularization 3 , D = 4 − 2ǫ (with ǫ > 0). Also, making use of the gauge invariance of the Wilson loop (4) and for the sake of simplicity, we perform the calculation in the Feynman gauge, where the gluon propagator is given by
The divergences in (8) originate from the integration of the position of the gluon in the vicinity of a light-like cusp in the diagram shown in Fig. 1 . The calculation of this diagram is straightforward and the details can be found e.g. in [7] . Adding together the contributions of all cusps we obtain the following one-loop expression for the divergent part of W (C n ):
where the periodicity condition
is tacitly implied.
All-loop structure
Generalizing (11) to higher loops we find that the cusp singularities appear in W (C n ) to the l-th loop-order as poles W (C n ) ∼ (aµ 2ǫ ) l /ǫ m with m ≤ 2l. Furthermore, W (C n ) can be split into a divergent ('renormalization') factor Z n and a finite ('renormalized') factor F n as
3 In fact, we use the dimensional reduction scheme in order to preserve supersymmetry. This will become essential when we generalize to higher loops in the next subsection. 4 As in [10] , we redefine the conventional dimensional regularization scale as µ 2 πe γ → µ 2 to avoid dealing with factors involving π and the Euler constant γ.
From the studies of renormalization properties of light-like Wilson loops it is known [7] that cusp singularities exponentiate to all loops and, as a consequence, the factor Z n has the special form
Here Γ
cusp and Γ (l) are the expansion coefficients of the cusp anomalous dimension and the so-called collinear anomalous dimension, respectively, defined in the adjoint representation of SU(N):
We have already seen at one-loop order that the divergences in W (C n ) are due to the presence of the cusps on the integration contour C n . They occur when the gluon propagator in Fig. 1 slides along the contour towards a given cusp point x i . The divergences appear when the propagator becomes singular. This happens either when a gluon propagates at short distances in the vicinity of the cusp point (short distance divergences), or when a gluon propagates along the light-like segment adjacent to the cusp point (collinear divergences). In these two regimes we encounter, respectively, a double and single pole.
Going to higher orders in the coupling expansion of W (C n ), we immediately realize that the structure of divergences coming from each individual diagram becomes much more complicated. Still, the divergences originate from the same part of the 'phase space' as at one-loop: from short distances in the vicinity of cusps and from propagation along light-like edges of the contour. The main difficulty in analyzing these divergences is due to the fact that in diagrams with several gluons attached to different segments of C n various regimes could be realized simultaneously, thus enhancing the strength of poles in ǫ. This implies, in particular, that individual diagrams could generate higher order poles to W (C n ).
The simplest way to understand the form of ln Z n in (14) is to analyze the divergences of the Feynman diagrams not in the Feynman gauge but in the axial gauge defined as
with n µ being an arbitrary vector, n 2 = 0. The reason for this is that the same Feynman diagrams become less singular in the axial gauge and, most importantly, the potentially divergent graphs have a much simpler topology [28] . 6 The axial gauge gluon propagator in the momentum representation is given by the following expression
5 Formula (14) follows from the evolution equation (8) of the first reference in [7] . 6 The contribution of individual Feynman diagrams is gauge dependent and it is only their total sum that is gauge invariant.
The polarization tensor satisfies the relation
(to be compared with the corresponding relation in the Feynman gauge, which is
µν (k) = D) from which we deduce that for k 2 = 0, it describes only the physical polarizations of the on-shell gluon.
7 Let us consider a graph in which a gluon is attached to the i-th segment. In configuration space, the corresponding effective vertex is described by the contour integral dτ i p
In the momentum representation, the same vertex reads dτ i p µ iÃ µ (k) e ik(x i −p i τ i ) where the field A µ (k) describes all possible polarizations (2 longitudinal and D − 2 transverse) of the gluon with momentum k µ . Let us examine the collinear regime, when the gluon propagates along the light-like direction p µ i . The fact that the gluon momentum is collinear, k µ ∼ p µ i , implies that it propagates close to the light-cone and, therefore, has a small virtuality k 2 . Furthermore, since p µ iÃ µ (k) ∼ k µÃ µ (k) we conclude that the contribution of the transverse polarization of the gluon is suppressed as compared to the longitudinal ones. In other words, the most singular contribution in the collinear limit comes from the longitudinal components of the gauge field A µ (k). The properties of the latter depend on the gauge, however. To see this, let us examine the form of the emission vertex in the Feynman and in the axial gauge. In the underlying Feynman integral, the gauge fieldÃ µ (k) will be replaced by the propagatorD µν (k), with ν being the polarization index at the vertex to which the gluon is attached. In this way, we find that
, axial gauge
Since k 2 → 0 in the collinear limit, we conclude that the vertex is suppressed in the axial gauge, as compared to the Feynman gauge. This is in perfect agreement with our physical intuition -the propagation of longitudinal polarizations of a gluon with momentum k µ is suppressed for k 2 → 0. This property is rather general and it holds not only for gluons attached to the integration contour, but also for the 'genuine' interaction vertices of the N = 4 SYM Lagrangian [28] . It should not be surprising now that the collinear divergences in the light-like Wilson loop come from graphs of very special topology that we shall explain in a moment.
Another piece of information that will be extensively used in our analysis comes from the so-called non-Abelian exponentiation property of Wilson loops [29] . It follows from the combinatorial properties of the path-ordered exponential and it is not sensitive to the particular form of the Lagrangian of the underlying gauge theory. For an arbitrary integration contour C it can be formulated as follows:
Here W (k) denote the perturbative corrections to the Wilson loop, while c (k) w (k) are given by the contribution to W (k) from 'webs' w (k) with the 'maximally non-Abelian' color factor c (k) . To the first few orders, k = 1, 2, 3, the maximally non-Abelian color factor takes the form c (k) = C F N k−1 , but starting from k = 4 loops it is not expressible in terms of simple Casimir operators. Naively, one can think of the 'webs' w (k) as of Feynman diagrams with maximally interconnected gluon lines. For the precise definition of 'webs' we refer the interested reader to [29] .
Let us now return to the analysis of the cusp divergences of the light-like Wilson loops and take advantage of both the axial gauge and the exponentiation (20) . A characteristic feature of the 'webs' following from their maximal non-Abelian nature is that the corresponding Feynman integrals have 'maximally complicated' momentum loop flow. When applied to the light-like Wilson loop, this has the following remarkable consequences in the axial gauge [7] :
• the 'webs' do not contain nested divergent subgraphs;
• each web produces a double pole in ǫ at most;
• the divergent contribution only comes from 'webs' localized at the cusp points as shown in Fig. 2 (a) and (b).
These properties imply that the divergent part of ln W (C n ) is given by a sum over the cusp points x µ i with each cusp producing a double and a single pole contribution [7] . Moreover, the corresponding residues depend on x Our consideration relied on the analysis of Feynman diagrams at weak coupling. It was recently shown in Refs. [8, 30, 31] that the structure of divergences of ln W (C n ) remains the same even at strong coupling.
Conformal symmetry of light-like Wilson loops
Were the Wilson loop W (C n ) well defined in D = 4 dimensional Minkowski space-time, then it would enjoy the (super)conformal invariance of the underlying N = 4 SYM theory. More precisely, in the absence of conformal anomalies we would conclude that
where C ′ n is the image of the contour C n upon an SO(2, 4) conformal transformations. Our contour C n is very special, however. Firstly, its shape is stable under conformal transformations, that is the contour C ′ n is also made of n light-like segments with new cusp points x ′ i µ obtained as the images of the old ones x µ i . This property is rather obvious for translations, rotations and dilatations but we have to check it for special conformal transformations. Performing a conformal inversion 8 , x µ′ = x µ /x 2 , of all points belonging to the segment (5), we obtain another segment of the same type,
. The second distinctive feature of the contour C n is the presence of cusps, which, as we already pointed out in section 2, cause specific ultraviolet divergences to appear in the Wilson loop (4) . For this reason we employ dimensional regularization with D = 4 − 2ǫ (with ǫ > 0).
In the dimensionally regularized N = 4 SYM theory, the Wilson loop W (C n ) ≡ W n is given by a functional integral
where the integration goes over gauge fields, A, gaugino, λ, and scalars 9 , φ, with the action
µν + gaugino + scalars + gauge fixing + ghosts. (23) Here µ is the regularization scale and we redefined all fields in such a way that g does not appear inside the Lagrangian L(x). This allows us to keep the canonical dimension of all fields, in particular of the gauge field A µ (x), and hence to preserve the conformal invariance of the path-ordered exponential entering the functional integral in (22) . However, due to the change of dimension of the measure d D x in (23) the action S ǫ is not invariant under dilatations and conformal boosts, which yields an anomalous contribution to the Ward identities.
Anomalous conformal Ward identities
The conformal Ward identities for the light-like Wilson loop W (C n ) can be derived following the standard method [32, 33, 34] . To begin with we recall the well-known expressions for the generators of the SO(2, 4) conformal transformations -rotations (M µν ), dilatations (D), translations (P µ ) and special conformal boosts (K µ ), acting on fundamental (gauge, gaugino, scalars) fields φ I (x) with conformal weight d φ and Lorentz indices I
where m µν is the generator of spin rotations, e.g., m µν = 0 for a scalar field and (m
λ for a gauge field.
Let us start with the dilatations and perform a change of variables in the functional integral
. This change of variables could be compensated by a coordinate transformation x µ′ = (1 − ε)x µ . We recall that the path-ordered exponential is invariant under dilatations, whereas the Lagrangian is covariant with canonical weight d L = 4. However, the measure d D x with D = 4 − 2ǫ does not match the weight of the Lagrangian, which results in a non-vanishing variation of the action S ǫ
This variation generates an operator insertion into the expectation value, δ D S ǫ W n , and yields an anomalous term in the action of the dilatation generator on W n
In a similar manner, the anomalous special conformal (or conformal boost) Ward identity is derived by performing transformations generated by the operator K ν , Eq. (24), on both sides of (22) . In this case the nonvanishing variation of the action δ K µ S ǫ comes again from the mismatch of the conformal weights of the Lagrangian and of the measure d D x. 11 This amounts to considering just the d φ term in (24) 
The relations (26) and (27) can be rewritten as
To make use of these relations we have to evaluate the ratio L(x)W n / W n obtained by inserting the Lagrangian into the Wilson loop expectation value. Due to the presence of ǫ on the right-hand side of (28), it is sufficient to know its divergent part only.
Dilatation Ward identity
As we will now show, the dilatation Ward identity can be derived by dimensional arguments and this provides a consistency condition for the right-hand side of (28) . By definition (22) , the dimensionally regularized light-like Wilson loop W n is a dimensionless scalar function of the cusp points x ν i and, as a consequence, it satisfies the relation
In addition, its perturbative expansion is expressed in powers of the coupling g 2 µ 2ǫ and, therefore,
where the last relation follows from (22) . The Wilson loop W n can be split into the product of divergent and finite parts, Eq. (13) . Notice that the definition of the divergent part is ambiguous as one can always add to ln Z n a term finite for ǫ → 0. Our definition (14) is similar to the conventional MS scheme with the only difference that we choose the expansion parameter to be aµ 2ǫ instead of a. The reason for this is that Z n satisfies, in our scheme, the same relation µ∂ µ Z n = 2ǫg 2 ∂ g 2 Z n as W n (30). Together with (13) and (29), this implies that the finite part of the Wilson loop does not depend on the renormalization point, i.e.
Writing ln W n = ln Z n + ln F n , and using the explicit form of Z n in (14), the relation (30) leads to the following dilatation Ward identity
Adding to this the obvious requirement of Poincaré invariance, we conclude that the finite part F n of the light-like Wilson loop can only depend on the dimensionless ratios x 2 ij /x 2 kl . In particular, for n = 4 there is only one such independent ratio, i.e.
Making use of (13), (14) and (32) we find that the all-loop dilatation Ward identity for W n takes the form
This relation provides a constraint on the form of the Lagrangian insertion on the right-hand side of (28).
One-loop calculation of the anomaly
The derivation of the dilatation Ward identities (32) relied on the known structure of cusp singularities (14) of the light-like Wilson loop and did not require a detailed knowledge of the properties of Lagrangian insertion L(x)W n / W n . This is not the case anymore for the special conformal Ward identity.
To start with, let us perform an explicit one-loop computation of L(x)W n / W n . To the lowest order in the coupling, we substitute W n = 1 + O(g 2 ) and retain inside L(x) and W n only terms quadratic in gauge field. The result is
The Wick contractions between gauge fields coming from the Lagrangian and the path-ordered exponential yield a product of two gluon propagators (9) , each connecting the point x with an 12 In what follows, we shall systematically neglect corrections to F n vanishing as ǫ → 0.
The Feynman diagrams contributing to L(x)W n to the lowest order in the coupling. The double line depicts the integration contour C n , the wiggly line the gluon propagator and the blob the insertion point.
arbitrary point y on the integration contour C n . Gauge invariance allows us to choose, e.g., the Feynman gauge in which the gluon propagator is given by (10) . To the lowest order in the coupling constant, the right-hand side of (34) In the Feynman gauge, only the vertex-like diagram shown in Fig. 3 (a) develops poles in ǫ. Performing the calculation, we find after some algebra
where a = g 2 N/(8π 2 ) and we introduced the notation
(36) We see that the leading double-pole singularities are localized at the cusp points x = x i . The subleading single poles are still localized on the contour, but they are 'smeared' along the light-like edges adjacent to the cusp. Substitution of (35) into (28) yields
Notice that
does not contribute to the right-hand sides of these rela-tions by virtue of
As was already mentioned, the right-hand sides of the Ward identities (37) are different from zero due to the fact that the light-like Wilson loop has cusp singularities. We verify with the help of (15) that to the lowest order in the coupling, the first relation in (37) is in agreement with (33).
Structure of the anomaly to all loops
To extend the analysis of the special conformal Ward identity to all loops we examine the all-loop structure of the divergences of L(x)W n / W n . They arise in a way very similar to those of the Wilson loop itself, which were discussed in section 2.2.2.
It is convenient to couple L(x) to an auxiliary 'source' J(x) and rewrite the insertion of the Lagrangian into W n as a functional derivative
where the subscript J indicates that the expectation value is taken in the N = 4 SYM theory with the additional term d D xJ(x)L(x) added to the action. This generates new interaction vertices inside the Feynman diagrams for W n J but does not affect the non-Abelian exponentiation property (20) .
14 The only difference compared with (20) is that the webs w (k) now depend on J(x) through a new interaction vertex. Making use of non-Abelian exponentiation, we obtain
Similarly to ln W n , the webs produce at most double poles in ǫ localized at a given cusp. This allows us to write a general expression for the divergent part of the Lagrangian insertion:
which generalizes (35) to all loops. The following comments are in order. In Eq. (41), the term proportional to δ (D) (x − x i ) comes from the double pole contribution to the web w (k) which is indeed located at the short distances in the vicinity of the cusp x µ i . The residue of the simple pole in the right-hand side of (41) (33) .
The contact nature of the leading singularity in (41) can also be understood in the following way. The correlator on the left-hand side can be viewed as a conformal (n + 1)-point function with the Lagrangian at one point and the rest corresponding to the cusps. In the N = 4 SYM theory the Lagrangian belongs to the protected stress-tensor multiplet, therefore it has a fixed conformal dimension four. The Wilson loop itself, if it were not divergent, would be conformally invariant. This means that the n cusp points can be regarded as having vanishing conformal weights. Of course, the presence of divergences might make the conformal properties anomalous. However, the conformal behaviour of the leading singularity in (41) cannot be corrected by an anomaly. 15 Then we can argue that the only function of space-time points, which has conformal weight four at one point and zero at all other points, is the linear combination of delta functions appearing in (41).
16
As was already emphasized, the residue of the simple pole of δw (k) /δJ(x) at the cusp point x i depends on its position and at most on its two nearest neighbors x i−1 and x i+1 , as well as on the insertion point [7] . It gives rise to a function Υ (l) (x; x i−1 , x i , x i+1 ), which is the same for all cusp points due to the cyclic symmetry of the Wilson loop (7) .
Notice that in (41) we have chosen to separate the terms with the collinear anomalous dimension Γ (l) from the rest of the finite terms. This choice has implications for the function Υ (l) (x; x i−1 , x i , x i+1 ). Substituting the known factor Z n (14) and the particular form of (41) into the dilatation Ward identity (26), we derive
We can argue that in fact each term in this sum vanishes. Indeed, each term in the sum is a Poincaré invariant dimensionless function of three points x i−1 , x i and x i+1 . Given the light-like separation of the neighboring points, the only available invariant is
) cannot depend on the regularization scale because µ always comes in the combination aµ 2ǫ and thus contributes to the O(ǫ) terms in (41) . The dimensionless Poincaré in-
) depends on a single scale and, therefore, it must be a constant after which (42) implies
For l = 1 this relation is in agreement with the one-loop result (38).
15 Such an anomalous contribution should come from a 1/ǫ 3 pole in the correlator with two insertions of the Lagrangian, but repeated use of the argument above shows that the order of the poles does not increase with the number of insertions. 16 The mismatch of the conformal weight four of the Lagrangian and D = 4 − 2ǫ of the delta functions does not affect the leading singularity in (41).
Special conformal Ward identity
We are now ready to investigate the special conformal Ward identity (28) . Inserting (41) into the right-hand side and integrating over x we obtain
Next, we substitute ln W n = ln Z n + ln F n into (44), replace ln Z n by its explicit form (14) and expand the right-hand side in powers of ǫ to rewrite (44) as follows:
Note that the quantities Υ ν (x i−1 , x i , x i+1 ) are translation invariant. Indeed, a translation under the integral in (45) only affects the factor x ν (the functions Υ (l) (x; x i−1 , x i , x i+1 ) are translation invariant), but the result vanishes as a consequence of (43) . Furthermore, Υ ν (x i−1 , x i , x i+1 ) only depends on two neighboring light-like vectors x µ i−1,i and x µ i,i+1 , from which we can form only one non-vanishing Poincaré invariant, x 2 i−1,i+1 . We have already argued that Υ (l) are independent of µ, and so must be Υ ν . Taking into account the scaling dimension one of Υ ν , we conclude that
where α, β only depend on the coupling. The symmetry of the Wilson loop W n under mirror exchange of the cusp points, Eq. (7), translates into symmetry of (47) under exchange of the neighbors x i−1 and x i+1 of the cusp point x i , which reduces (47) to
with α = a + O(a 2 ) according to (38) . Substituting this relation into (46) we find
This concludes the derivation of the special conformal Ward identity. In the limit ǫ → 0 it takes the form (cf. [10] )
Solution and implications for W n
Let us now examine the consequences of the conformal Ward identity (50) for the finite part of the Wilson loop W n . We find that the cases of n = 4 and n = 5 are special because here the Ward identity (50) has a unique solution up to an additive constant. The solutions are, respectively,
+ const ,
as can be easily verified by making use of the identity
ij . We find that, upon identification of the kinematic invariants
the relations (51) are exactly the functional forms of the ansatz of [1] for the finite parts of the four-and five-point MHV amplitudes (or rather the ratio of the amplitude to the corresponding tree amplitude).
The reason why the functional form of F 4 and F 5 is fixed up to an additive constant is that there are no conformal invariants one can build from four or five points x i with light-like separations x 2 i,i+1 = 0. Such invariants take the form of cross-ratios
It is obvious that with four or five points they cannot be constructed. This becomes possible starting from six points, where there are three such cross-ratios, e.g., .
Hence the general solution of the Ward identity at six cusp points and higher will contain an arbitrary function of the conformal cross-ratios.
Light-like pentagon Wilson loop
In this section we perform an explicit two-loop calculation of the light-like pentagon Wilson loop W (C 5 ) in N = 4 SYM theory. It goes along the same lines as the analysis of the rectangular (n = 4) and hexagon (n = 6) Wilson loops performed in Refs. [10, 7, 35] , where the interested reader can find the details of the technique employed. 
One loop result
The one-loop calculation of ln W (C 5 ) was done in [24] . The relevant Feynman diagrams are shown in Fig. 4(a) and Fig. 4(b) .
Let us split ln W (C 5 ) into divergent and finite parts
where by definition
The pentagon Wilson loop (55) fulfills a duality relation generalizing the four-point one (3) (see [24] ). To verify this, we apply (6) to identify the coordinates x µ i,i+1 with the on-shell gluon momenta p µ i . This leads to x
where s jk = (p j + p k ) 2 are the Mandelstam invariants corresponding to the five-gluon amplitude. A specific feature of the n = 5 on-shell gluon amplitude as compared with n ≥ 6 is that it depends only on two-particle invariants s i,i+1 . Similarly, for the light-like Wilson loop one finds that W (C 5 ) only depends on the distances x 2 i,i+2 between next-to-neighboring vertices on the contour C 5 . Then we observe that, firstly, upon identification of the dimensional regularization parameters
the UV divergences of the light-like Wilson loop match the IR divergent part of the five-gluon scattering amplitude and, secondly, the finite corrections to these two objects indeed coincide at one loop, up to an additive constant.
In the next section, we extend the analysis beyond one loop and demonstrate that the planar n = 5 gluon amplitude/pentagon Wilson loop duality also holds to two loops.
Two-loop calculation
As was explained in detail in [10] , the two-loop calculation of W (C 5 ) can be significantly simplified by making use of the non-Abelian exponentiation property of Wilson loops [29] . In application to W (C 5 ), it can be formulated as follows:
where w (1) and w (2) are functions of the distances x i,i+2 , independent of the Casimirs of the gauge group SU(N). Matching (59) into (55) we find that
with D (1) and F (1) defined in (56). The relation (20) implies that the coefficient in front of and, therefore, it is uniquely determined by the one-loop correction to W (C 5 ). Thus, in order to determine the function w (2) it sufficient to calculate the contribution to W (C 5 ) only from two-loop diagrams containing 'maximally non-Abelian' color factor C F N. This property allows us to reduce significantly the number of relevant two-loop diagrams. In addition, as yet another advantage of using the Feynman gauge, we observe [10] that some of the 'maximally non-Abelian' diagrams like those where both ends of a gluon are attached to the same light-like segment vanish by virtue of x 2 j,j+1 = 0. The corresponding Feynman diagrams have the same topology as for the rectangular Wilson loop W (C 4 ) and they can be easily identified by applying the selection rules formulated in Ref. [10] .
To summarize, in Figs. 4 (c) - (o) we list all non-vanishing two-loop diagrams of different topologies contributing to w (2) . The diagrams in Figs and (k) involve the one-loop correction to the gluon propagator with the blob denoting gauge fields/gauginos/scalars/ghosts propagating along the loop. Their color factors equal C F N and they contribute directly to w (2) . To preserve supersymmetry, we evaluate these diagrams within the dimensional reduction (DRED) scheme. The two-loop correction w (2) is given by the sum over the individual diagrams shown in Fig. 4 plus crossing symmetric diagrams. To compute these diagrams, we employ the technique developed in Refs. [36, 7] .
The result of our calculation can be summarized as follows. It is convenient to expand the contribution of each diagram in powers of 1/ǫ and separate the UV divergent and finite parts as (61), we parameterize the contribution of each individual diagram to w (2) by the set of coefficient functions A (α) −n . We would like to stress that the contribution of each individual diagram to w (2) , or equivalently the functions A (α) −n , are gauge dependent and it is only their sum on the right-hand side of (61) that is gauge invariant.
In our analysis, we have heavily used the results of the two-loop calculation of the rectangular light-like Wilson loop W (C 4 ) [7, 10] . The expression for W (C 4 ) has the same general form as W (C 5 ), Eqs. (59) and (61), with the corresponding coefficient functions A (α) −n known explicitly. There are no reasons to expect a priori that W (C 4 ) and W (C 5 ) should be related to each other. Still, as we will see in a moment, there exist remarkable relations between the contributions of various diagrams to the two Wilson loops. As an example, let us consider the vertex-like diagrams shown in Fig. 4(c), 4(d) and 4(f) . The corresponding Feynman integrals depend only on the single distance x 2 13 , and therefore they give the same contributions to W (C 4 ) and W (C 5 ). In a similar manner, the contribution of the diagram shown in Fig. 4 (e) depends only on two distances, x 2 13 and x 2 24 , and as a consequence it is the same for W (C 4 ) and W (C 5 ). At the same time, examining the diagram shown in Fig. 4(g) we found that it gives the same contribution to W (C 4 ) and W (C 5 ) for the leading, O(1/ǫ 2 ) term but this is not true for the O(1/ǫ) term, as well as for the finite O(ǫ 0 ) term. Summarizing our results for W (C 5 ), we find that the coefficient functions entering the righthand side of (61) We would like to stress that the relations (62), (63) and (64) are not specific to the pentagon Wilson loop. The same relations hold true for an arbitrary n−gon light-like Wilson loop W (C n ) (with n ≥ 4). They ensure that, independently of the number of light-like segments, the O(1/ǫ 4 ) and O(1/ǫ 3 ) terms cancel inside w (2) in the sum of all diagrams leading to
Substituting this relation into (59), we find that it agrees with the expected structure of UV divergences of a light-like Wilson loop in planar N = 4 SYM theory,
Here
cusp is the cusp anomalous dimension and Γ(a) = ∞ l=1 a l Γ (l) is the collinear anomalous dimension given by (15) . Furthermore, comparing (65) with (66), we deduce that the coefficient in front of 1/ǫ on the right-hand side of (65) should be equal to
This relation is extremely non-trivial, given the fact that each individual term in the sum A
in general depends both on the number of segments n and on the distances x 2 jk between the cusp points on the contour C n . For the rectangular Wilson loop, the relation (67) has been verified in Ref. [10] . In the next section we show that it also holds true for arbitrary n ≥ 5.
Structure of the simple poles
As was already mentioned, the coefficients A (α) −1 of the simple poles in the right-hand side of (61) are functions of the distances x 2 jk . In the simplest case of the rectangular Wilson loop W (C 4 ) they can be expressed in terms of polylogarithm functions. Going over to the pentagon and, in general, to n−gon light-like Wilson loops, we should expect to encounter even more complicated expressions for the coefficients A (α) −1 . However, having the relation (67) in mind, we should also expect to find a dramatic simplification in the sum over all diagrams. This suggests considering the total sum α A (α) −1 rather than analyzing each individual term. The next step would be to uncover the mechanism responsible for the above mentioned simplification which could eventually lead to (67) . In what follows, we describe the main steps of the calculation of the pentagon (n = 5) Wilson loop and refer the interested reader to [35] for more details.
To start with, let us introduce an auxiliary Feynman integral that will play a crucial role in our analysis,
with the gluon propagator G(x) defined in (10) . Obviously, J(z 1 , z 2 , z 3 ) is a symmetric function of the three points z In what follows, we will need its value in the special limit when two of the points are separated by a light-like interval. Assuming that z 2 23 ≡ (z 2 − z 3 ) 2 = 0, we find (see second reference in [36] )
where we introduced the notation forτ = 1 − τ and z jk ≡ z j − z k . Notice that the integral (69) develops a single pole which has a simple physical interpretation [36] . It originates from the integration in (68) over z µ approaching the light-like direction defined by the vector (z 2 − z 3 ) µ , so that the distances (z − z 2 ) 2 and (z − z 3 ) 2 vanish simultaneously and the two propagators on the right-hand side of (68) become singular.
Let us now interpret the integral J(z 1 , z 2 , z 3 ) as defining a new fake 'interaction vertex' for three gluons and examine the auxiliary Feynman diagrams involving this vertex with all three points z µ i attached to the integration contour C 5 as shown in Fig. 5 . The reason for introducing these diagrams is that, as we will see later in this section, they describe the simple pole contribution to the 'genuine' two-loop Feynman diagrams shown in Fig. 4 . Notice that one of the gluons in Fig. 5 is attached to the vertex of the pentagon, z 2 = x 2 , while the positions of the two remaining gluons are integrated over the adjacent and the remaining non-adjacent light-like segments, z 3 = x 3 +p 2 τ 2 and z 1 = x i+1 +p i τ i (with i = 4, 5). By definition, the Feynman diagrams associated with the two diagrams shown in Fig. 5 are
,
Substituting (69) into (70), we obtain expressions for I have a single pole in 1/ǫ. Then, we add together the crossing symmetric diagrams of the same topology as in Fig. 5 and expand their contributions in ǫ similar to (61)
where M (70) and (69). We will not need their explicit form for our purposes. The crucial observation is that the coefficient functions A 
Putting these functions together we find that the functions M (24) in Ref. [10] ). It is straightforward to extend the analysis to arbitrary n−gon Wilson loops W (C n ). As was already explained, the two-loop corrections to ln W (C n ), Eqs. (65) and (66) . Combining these diagrams together we find that the single poles cancel in their sum leading to (67) for any n.
To summarize, we demonstrated by our explicit two-loop calculation that the divergent part of an n−gon light-like Wilson loop has the expected form (66) with the cusp and collinear anomalous dimensions given by (15).
Finite part
We now turn to the evaluation of the finite part of the pentagonal Wilson loop (61). It receives contributions from the Feynman diagrams shown in Figs. 4(c)-4(o) . As in the previous section, instead of analyzing each of them separately, we will consider the total sum. Furthermore, based on the prediction of the conformal Ward identities (51) we expect that
Notice that the constant term in this relation is not determined by the Ward identities, so r is an arbitrary factor. The reason why we wrote it in the form ∼ π 4 is that the first term in the right-hand side of (73) has transcendentality 4.
18 Based on our analysis of the rectangular Wilson loop [10] , we expect that the constant term should have the same transcendentality which implies that r should be a rational number.
We recall that the contribution of the diagrams shown in Figs 
where the combinatorial factor 5 4 accounts for the different number of diagrams of the same topology contributing to the pentagon and rectangular Wilson loops. The finite contribution to w (2) from the remaining diagrams shown in Figs. 4(g)-4 (o) has to be calculated anew (with the exception of the diagram shown in Fig. 4 (j) which factorizes into a product of two one-loop integrals corresponding to the diagram shown in Fig. 4(b) ). Let us separate them into two groups according to their behavior as ǫ → 0:
• The diagrams shown in Figs. 4(i), (j), (n) are finite;
• The diagrams shown in Figs. 4(h), (k)-(m) ,(o) and in Fig. 4(g) have, respectively, simple and double poles in ǫ.
For the second group of diagrams we have to carefully separate the divergent and finite parts following the definition (61). This can easily be done by employing the following 'subtraction procedure'. As was shown in the previous section, the simple poles in these diagrams are described by the functions M corresponding to the auxiliary diagrams shown in Fig. 5 . Therefore, in order to compensate the simple poles in the above mentioned diagrams it is sufficient to subtract from them the auxiliary diagrams with the appropriate weights defined in (72). Since the auxiliary diagrams also generate a finite part M (a,b) 0 , Eq. (71), the subtractions will modify the finite parts of the individual diagrams, A
Still, it is easy to see that the total sum of diagrams remains unchanged,
The main advantage in dealing with the subtracted Feynman diagrams is that, by construction, they are free from UV divergences 19 and, therefore, can be directly evaluated in D = 4 dimensions. In this way, we found that, remarkably enough,
and obtained the functions A (with α = g,h,m,o) in the form of convergent multiple integrals. Their explicit expressions are lengthy and to save space we do not present them here. We remark that the same subtraction procedure can be straightforwardly applied to define the finite part of the n-cusp two-loop Wilson loop in terms of convergent multiple integrals.
Having an integral representation for the sum of the functions α=g,h,m,o A (α) 0
and explicit expressions for the remaining functions (74), we are now in a position to test the relation (73) and to determine the factor r. Instead of trying to simplify the sum of complicated multiple integrals, we performed thorough numerical tests. Namely, both sides of (73) depend on the ratios of the distances between the vertices of the pentagon C 5 X = {x 
To test (73) it is sufficient to evaluate both sides of (73) 
0 for several sets of distances X, and examined their difference. The results of our numerical tests are summarized in Table 1 . We found that our results for the functions A 
Assuming maximal transcendentality of the constant term, we expect r to be rational. Our calculation suggests that r = 1. We conclude that our result for the two-loop pentagon Wilson loop is in agreement with the prediction (51) based on the conformal Ward identities.
Conclusions
In this paper we have provided further evidence for the weak-coupling duality between MHV planar gluon amplitudes and light-like Wilson loops. Let us summarize the main arguments in favor of this conjecture.
The light-like Wilson loops with cusps have an intrinsic conformal symmetry which is broken, in a controlled way, by the cusp anomalies. This gives rise to anomalous conformal Ward identities which unambiguously fix the form of the finite part of the polygonal Wilson loop for n = 4 and 5, and reduce the freedom in the dependence on the kinematic variables to a function of conformal invariants for n ≥ 6. The main open question is whether we can further restrict or even fully determine this function by evoking some additional properties. A promising scenario is to impose the consistency condition that the Wilson loop with n cusps reduce to the one with n − 1 cusps when one of the cusps is 'flattened'. This requirement is analogous to the collinear limit for MHV planar gluon amplitudes, as discussed in [37] . It consists in taking two adjacent gluons to be nearly collinear, thus relating the n−gluon to the (n − 1)−gluon amplitude. The combination of conformal symmetry with these additional consistency restrictions may turn out to be powerful enough to completely fix the functional form of the polygonal Wilson loop to all orders. Even so, it will still contain some dynamically determined parameters like the cusp and collinear anomalous dimensions. We know that the former can be determined to all loops from a Bethe Ansatz [38, 39, 40] and its strong coupling limit matches the string theory prediction [41, 42, 8, 43] . It is not unlikely that the remaining parameters are also determined from integrability. If all of this is true, the light-like Wilson loop could be a very interesting example of a soluble theory.
Let us now turn to the MHV planar gluon amplitudes. What reasons do we have to believe that they are equivalent to the perturbative light-like Wilson loops? By now we have a lot of 'experimental' evidence to this effect.
First of all, the finite part of the following amplitudes has been calculated
• four-gluon amplitude up to three loops [1] ;
• five-gluon amplitude up to two loops [12] ;
• n-gluon amplitude at one loop [37] .
In all these cases the results match those for the Wilson loops, found either by explicit calculations ( [9] , [24] , [10] and the present paper) or predicted by conformal invariance, as we have explained in [10] and in the present paper. Secondly, the gluon amplitudes have the intriguing property of 'dual' conformal symmetry [25] (see also [9, 44] ). All the scalar Feynman integrals appearing in the calculations of Bern et al up to four loops 20 are dual to conformal integrals, after we take them off shell and perform the change of variables (6) from momenta to 'dual coordinates'. 21 This makes us believe that the dual conformal symmetry is not an accidental property of the gluon amplitudes, and that its breaking is controlled by the same type of anomalies as for the Wilson loop. In our opinion, investigating the origin of this symmetry is an important task.
On the other hand, we know that dual conformal symmetry cannot uniquely fix the gluon amplitudes with six or more gluons, just as in the case of a Wilson loop with more than five cusps. As mentioned earlier, the additional input may come from the collinear limit behavior studied in [37] and whose relevance was reiterated in [26] . We believe that the chances for this scenario to work out improve if one adds the requirement that the unknown function in the case n ≥ 6 depend only on conformal invariants.
However, we should also be prepared to face a few less optimistic possibilities. Even if dual conformal invariance is a true symmetry of the gluon amplitudes and it restricts them in the way the intrinsic conformal invariance of the Wilson loop does, it may be that the additional requirements (collinear limits for gluon amplitudes and their equivalent for Wilson loops) are not enough to fully determine the amplitude. This may happen at a relatively high loop order, where the variety of Feynman integrals and of associated functions is rich enough and one might be able to construct more than one function meeting all requirements. In this case gluon amplitudes and Wilson loops would fully agree for n = 4, 5, but they would start deviating from each other for n ≥ 6 at two or higher loops.
Another possibility is that dual conformal symmetry is an accidental property of the low-loop gluon amplitudes. In this case, starting at some higher perturbative order, even the four-or five-gluon amplitudes might loose their simplicity and become similar to the very complicated generic QCD amplitudes.
All of these scenarios should be confronted with the discrepancy between the large n limit of the BDS conjecture and the strong coupling results recently found by Alday and Maldacena [13] .
It may be that at strong coupling one sees the entire perturbative expansion, with all possible breakdowns of the above mechanisms.
What should be done at present to shed more light on these interesting issues? In our opinion, two parallel calculations should be carried out in the near future: the six-gluon two-loop MHV amplitude and the corresponding Wilson loop with six cusps. When the results become available, we may have the answers to some of the above questions. 
